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Abstract—The cell transmission model for air traffic flow was
built by Sun and Bayen. The problem of managing the flow under
sector capacity constraints was formulated as an integer pro-
gramming problem. However, the corresponding relaxed linear
programming in their work failed to give the integer solution
for the aircraft count, which is not applicable in practice. In
this paper we propose the Optimal Sequential Backward Flow
Saturation paradigm to find the optimal integer solution. Firstly
we introduce the Backward Flow Saturation on a single path.
Secondly the Sequential Backward Flow Saturation is developed
to solve a M -path problem given a certain path sequence. Then
we show that the path sequence is critical and the Sequential
Backward Flow Saturation under an arbitrary path sequence
can not guarantee the optimal solution. Finally inspired by the
Branch and Bound technique (B&B), we design a decision tree
searching to provide the Sequential Backward Flow Saturation
the optimal path sequence. The final algorithm Optimal Sequential
Backward Flow Saturation Algorithm is proved to give the optimal
integer solution.

I. INTRODUCTION

The past and the forecast air traffic flow in the US present
a sustained growth making it essential to study the National
Airspace System (NAS), which is a complex physical system
consisting of aircraft, control facilities, procedures, navigation
and surveillance equipment, analysis equipment, decision sup-
port tools, and traffic controllers. The air traffic management
is currently attracting intensive research to help controllers
handle the increasing complexity of traffic flow in the en route
airspace. The development of effective and efficient models in
Traffic Flow Management (TFM) is highly needed.

Several classes of traffic flow models have emerged from
recent studies and current popular TFM schemes mainly focus
on ground delay and flight rerouting. Odoni was the first to
formulate the TFM problem to design optimal strategies by
assigning ground delays to flights [1]. Helme was among the
first who included en route capacity restrictions [2]. Lindsay
presented a disaggregate 0-1 programming model for decid-
ing ground and airborne holding under airport and airspace
capacity constraints [3]. Sridhar proposed an integrated three-
step hierarchical method to determine TFM plans consisting of
the practical restrictions [4]. Eulerian paradigm [5] developed
by Bayen relies on analytical equations (partial differential
equations) to find solutions in terms of aircraft count.

In [6] the authors presented a traffic flow model called the
Large-capacity Cell Transmission Model, in short CTM(L),
which is a variation of the model in [7]. They applied it to
a problem of minimizing the total travel time of all flights
in the NAS of the United States restricted by sector capacity
counts, which is an integer programming containing billions
of variables and constraints. It was then relaxed to a linear
programming (LP) for computational efficiency. However,
solving the linear programming by large scale commercial
software results in fractional optimal solutions which can
not be implemented as en route holding control in practical
situation. This is the major motivation of our work.

In this paper, we resolve the CTM(L) problem and guarantee
an optimal and integral solution using the Sequential Back-
ward Flow Saturation (SBFS) by successively constructing air
traffic flows along each path in a certain path sequence. It is
then found that the path sequence is critical when computing
the state variables and delay control volumes. Therefore an
algorithm inspired by the Branch and Bound (B&B) technique
is developed in order to find the optimal path sequence for
SBFS. With the optimal path sequence provided, the SBFS
is called the Optimal Sequential Backward Flow Saturation
(OSBFS) and the optimal integer solution is achieved. Besides
presenting the Optimal Sequential Backward Flow Saturation
Algorithm, another major contribution of this paper is to
show the detailed and explicit optimality proof for the entire
procedure.

The rest of the paper is organized as follows: Section II
introduces the CTM(L) model and illustrates the optimization
problem formulation. Section III presents the Sequential Back-
ward Flow Saturation for calculating the optimal delay control
under a given path sequence. In Section IV the B&B decision
tree is applied to find the optimal path sequence for the SBFS
and an example is demonstrated at the end of this section.
Conclusions are made in the fifth section of the paper.

II. PROBLEM FORMULATION

The air traffic network topology in CTM(L) can be de-
scribed by an unidirectional graph G = (E, V ), in which E
is the set of edges or links, and V the set of vertices. Based
on G, the authors formulated the optimization problem in [6].
Each path in the network is divided into homogeneous cells by



en route flight time interval. Let xi(t) be the aircraft count in
cell i at time t along one of the flight paths. When no control
is actioned, the system’s dynamics can be described by:

xi+1(t+ 1) = xi(t).

It is assumed that the above equation holds for all flows,
unless the traffic is slown down by delay controls due to sector
capacity constraints.

Cells along a path are grouped into several different sectors
where each sector is characterized by a capacity which may
vary with time. The number of aircraft selected for delay
control in cell i at time t is denoted by ui(t). Then the
cell transmission model with delay control is based on the
following dynamics:

xi+1(t+ 1) = xi(t) + ui(t)− ui+1(t).

In order to formulate the complete optimization problem,
we define the following variables and parameters:
• The aircraft count state vector x =

[x1(0), ..., xN−1(0), ..., x1(T − 1), ..., xN−1(T − 1)]′,
where N is the number of cells along the path and T
is the total planning time. xk(t) describes the aggregate
aircraft count in cell k at time t.

• The delay control vector u =
[u1(0), ..., uN−1(0), ..., u1(T − 1), ..., uN−1(T − 1)]′.
uk(t) is the the number of aircraft to be delayed in cell
k at time t.

• The input f(t) which presents, for t = 0, ..., T − 1,
the entry aircraft count into the path during a unit time
interval from t to t+ 1.

• The initial conditions x01, ..., x
0
N which are the initial

aircraft counts in each cell on the path.
In this problem, all values, including the states, inputs, control
counts, should be integers.

In [6] and [8], the authors formulated the problem using
the following equations for each path in the Cell Transmission
Model:
• The initial conditions:

xk(0) = x0k, for k = 2...N − 1. (1)

• The boundrary conditions:

x1(0) = f(0) + x01,
x1(t) = f(t) + u1(t− 1), t = 1, 2, ..., T − 1.

(2)

• The CTM(L) dynamics:

xk(t) = xk−1(t− 1)− uk−1(t− 1) + uk(t− 1),
k = 2, ..., N − 1, t = 1, 2, ..., T − 1.

(3)
• Notice that the sector capacity constraint may vary at

different time periods. In a model with S sectors, let
ν = [ν1(0), ..., ν1(T − 1), ..., νS(0), ..., νS(T − 1)] be the
vector of capacities which denotes the maximal allowed
aircraft count for each sector at time t. In a CTM(L)
problem with multiple paths, let Xi = [xi, ui]

′ be the
vector of all unknown variables. Where the same matrix

form is adopted as in [8] for sector capacity constraints,
we have

M


X1

X2

...
XM

 ≤

ν1
ν2
...
νS

 . (4)

For each aircraft, the total time to get through the path is
divided into time intervals of length τ . Consequently, τ is the
time spent by one aircraft in one cell. The objective of the
problem is to minimize the total travel time of all the aircraft.
The integer formulation of the optimization problem is shown
as follow:

min
∑M

i=1 cixi
s.t. (1), (2), (3) and (4)

(5)

where ci for i = 1, ...,M is the vector [τ, ..., τ ]. For conve-
nience we set τ to 1 for the rest of the paper.

III. SEQUENTIAL BACKWARD FLOW SATURATION

Given a CTM(L) model with S sectors, M paths and Ni

cells in each path i, we develop Sequential Backward Flow
Saturation to find the optimal integer solution. In this section,
we first present Backward Flow Saturation for a single path
and then an algorithm with M iterations is proposed as Se-
quential Backward Flow Saturation (SBFS). At the beginning
we assume that the solution of this method is not related to
the order in which the paths are constructed. The default path
sequence is given by the path indices 1, 2, ...,M . In the next
section, we will show that path order is actually critical and
we will develop a method to determine the optimal order.

A. Backwards Flow Saturation for a single path

At each iteration of SBFS, i.e., iteration i, we construct the
traffic flow on the ith path, which is considered as the only
path existed in the current network and we update the sector
capacity vector ν with the residual capacities calculated from
the previous i− 1 iterations.

At iteration i the algorithm determines the state vector of
the path i

x = [xi1(0), ..., x
i
N−1(0), ..., x

i
1(T − 1), ...xiN−1(T − 1)]′,

and the delay control vector

u = [ui1(0), ..., u
i
N−1(0), ..., u

i
1(T − 1), ...uiN−1(T − 1)]′.

In detail, we construct the traffic flow on the ith path for
t = 0, ..., T − 1. We start the process from the last cell with
the condition uiNi

(t) = 0 for t ∈ {0, ..., T − 1}. We can see
the effect of the delay control uiNi

(t) in cell Ni at the time
instant of t ≤ T − 1 increases the objective function in (5) by
uiNi

(t). In line 7 of Algorithm 1, xik(t) and uik−1(t − 1) are
computed simultaneously based on sector residual capacity at
step t using the following equation:

xik(t) = xik−1(t− 1)− uik−1(t− 1) + uik(t− 1)
k = 1...N − 1, t = 1, ..., T − 1,



where uik(t− 1) is determined by induction and xik−1(t− 1)
is determined at step t− 1.

For cell k at the time instant of t, the number of aircraft
delayed is set to 0 unless this decision violates the sector
capacities at t+1, which is called the flow saturation making
the aircraft count saturate the corresponding capacity. To be
more precise, all the aircraft in cell k at t are transferred to
cell k + 1 at t + 1 if xik+1(t + 1) still respects the capacity
constraints in the relation (4).

Therefore, we can go backwards step by step to the first
cell by induction and the aircraft count in each cell on path i
is then constructed. The procedure along the single path i is
called Backward Flow Saturation.

B. The Sequential Backward Flow Saturation Algorithm and
its solution feasibility

To solve the problem with M paths, we develop an iterative
algorithm which computes the flow path by path with the
use of Backward Flow Saturation, which is named Sequential
Backward Flow Saturation Algorithm (SBFS).

Algorithm 1 SBFS Algorithm
1: The solution vector X contains the vectors x1, u1, ..., xM , uM

2: for i = 1 to M do
3: determine [xi0(0), ..., x

i
N−1(0)] using the initial conditions

4: set the control counts uNi(t) = 0 for t = 0, ..., T − 1
5: for t = 1 to T − 1 do
6: for k = Ni, ..., 2 do
7: compute xik(t) and ui

k−1(t − 1)) based on residual
capacity

8: update the residual capacity vector ν
9: end for

10: compute xi1(t) using the boundary conditions
11: end for
12: end for

From the procedure of Algorithm 1, we can see that the
algorithm is ensured to give an integer output. Besides, the
state and delay control vectors xi and ui satisfy the boundary
and initial conditions (1) and (2) and the dynamic equation (3).
Additionally, updating sector capacities guarantees that the
solution respects constraint (4). Therefore the SBFS gives an
integer feasible solution.

C. The proof of optimality
1) The optimality of Backward Flow Saturation: We first

prove that Backward Flow Saturation guarantees the optimal
solution for a single path, which is equivalent to prove the
following theorem.

Theorem 1: In the case of a CTM(L) problem with one
path, the solution given by Algorithm 1 is optimal.

To prove Theorem (1), we will use the following lemma.
Lemma 1: For a single path with infinite sector capacities,

the optimal solution xopt = [x, u] satisfies u = 0 and xk(t) =
xk−1(t− 1) (k = 2...N − 1, t = 1, ..., T − 1), with the intial
and boundary constraints as below.

xk(0) = x0k, k = 2...T − 1

x1(0) = f(0) + x01, x1(t) = f(t), t = 1...T − 1
(6)

Proof: Since xk(t) = xk−1(t− 1) is the consequence of
u = 0, we only need to prove xopt satisfies u = 0, which
means no delay control is applied.

We now apply a delay control ui0(t0) on top of solution
xopt. Let’s denote the resulted objective function value as cf
which also can be called the cost cf . ui0(t0) aircraft are added
to the aircraft count in cell i0 instead of being transferred to
cell i0+1 at t0+1. xi(t) is the aircraft count in cell i at time
t corresponding to the solution xopt. We study the relationship
between cf , the optimal cost copt and ui0(t0). By using the
contradiction proof, we assume cf < copt.
• Case 1 (T − t0 + i0 ≤ N ):

cf =
∑

i,t≤t0

xi(t) +
∑

i,t0+1≤t≤T

( ∑
i<i0+t−t0−1

xi(t)

+ui0 (t0) + xi(t)︸ ︷︷ ︸
i=i0+t−t0−1

+xi0 (t)− ui0 (t0)︸ ︷︷ ︸
i=i0+t−t0

+
∑

i>i0+t−t0

xi(t)
)
.

After canceling ui0(t0) we have:

cf =
∑

i,t≤t0

xi(t) +
∑

i,t0+1≤t≤T

( ∑
i<i0+t−t0−1

xi(t)

+xi0+t−t0−1(t)︸ ︷︷ ︸
i=i0+t−t0−1

+ xi0 (t)︸ ︷︷ ︸
i=i0+t−t0

+
∑

i>i0+t−t0

xi(t)
)
.

It is recognized that the summation of the right hand side
of the equation is xopt, thus we have cf = copt which is
a contradiction.

• Case 2 (T − t0 + i0 > N ):

cf =
∑

i,t≤t0

xi(t) +
∑

i,t0+1≤t≤T

( ∑
i<i0+t−t0−1

xi(t)

+ui0 (t0) + xi(t)︸ ︷︷ ︸
i=i0+t−t0−1

+xi0 (t)− ui0 (t0)︸ ︷︷ ︸
i=i0+t−t0

+
∑

i>i0+t−t0

xi(t)
)

+

 ∑
i<i0+t−t0−1

xi(t)

+ ui0 (t0) + xi0+t−t0−1(t)

︸ ︷︷ ︸
t=t0+1−i0+N

+
∑

i,t0+2−i0+N≤t≤T

∑
i

xi(t).

After cancelling ui0(t0) we get the following expression:

cf =
∑
i,t≤t0

xi(t) +
∑

i,t0+1≤t≤T

( ∑
i<i0+t−t0−1

xi(t)

+xi0+t−t0−1(t)︸ ︷︷ ︸
i=i0+t−t0−1

+ xi0(t)︸ ︷︷ ︸
i=i0+t−t0

+
∑

i>i0+t−t0

xi(t)
)

+

( ∑
i<i0+t−t0−1

xi(t)

)
+ ui0(t0) + xi0+t−t0−1(t)︸ ︷︷ ︸

t=t0+1−i0+N

+
∑

i,t0+2−i0+N≤t≤T

∑
i

xi(t).

Therefore the result cost cf takes the following form:

cf = copt + ui0(t0) > copt.



So Case 2 is also a contradiction. In summary if there is a
delay control, the resulted objective function value is always
worse than or equal to the optimal solution.

Remarks:
• When there is no capacity constraint, a feasible solution

with a delay control vector u > 0 is not optimal.
• From the proof we can also see when we add a delay

control to any feasible solution, the result cost will be
increased.

• The solution in this particular case can be computed in
polynomial time. The problem of minimizing the aircraft
count is reduced to a backward (from cell Ni to cell 1)
flow saturation procedure based on:

xi+1(t+ 1) = xi(t).

Proof of Theorem (1):
Proof: With the second remark of Theorem 1, we have

seen that adding a delay control u > 0 to a feasible solution x
increases the objective function value. Thus, under the sector
capacity constraint, the optimal solution should correspond to
the minimal delay control u. xopt is the optimal solution of
the CTM(L) problem and xbfs is the solution given by the
Backward Flow Saturation (BFS). Suppose our solution xbfs

is not optimal, then the control delay uopt < ubfs.
With the proof by contradiction, let us assume that
∃t, i, s.t.uopti (t) < ubfsi (t). We consider

tm = inf{0 ≤ t ≤ T − 1|∃ i 0 ≤ i ≤ N uopti (t) < ubfsi (t)},

im = sup{0 ≤ i ≤ N |uopti (tm) ≤ ubfsi (tm)},

then ubfsim
(tm) must be positive.

If im = N , we have ubfsN (t) = 0, the control count of
uoptim

(tm) can not be fewer than the BFS solution ubfsim
(tm) at

cell N .
Assuming that im < N , we notice that for t < tm we

have uopti (t) = ubfsi (t) and by using boundary conditions and
induction:

xopti (t) = xbfsi (t), for i ∈ {1, ..., N} (7)

we can extend (7) to t = tm using the relation:

xk(tm) = xk−1(tm − 1)− uk−1(tm − 1) + uk(tm − 1),
k = 1...N − 1.

(8)
Thus we get for time t before tm

xopti (t) = xbfsi (t) for i ∈ {1, ..., N}, t ≤ tm. (9)

To determine ubfsim
(tm), we consider the relation:

xbfsim+1(tm + 1) = xbfsim
(tm)− ubfsim

(tm) + ubfsim+1(tm), (10)

where xbfsim
(tm) = xoptim

(tm), according to (9), ubfsim+1(tm) =

uoptim+1(tm), and the definition of im. In Section III.A we
explain that if xbfsim

(tm) + ubfsimax+1(tmin) is greater than
the capacity ν of the sector containing cell im + 1 then

ubfsim
(tm) = xbfsim

(tm) + ubfsim+1(tm)− ν. Otherwise, ubfsim
(tm)

is set to zero.
For case xbfsim

(tm) + ubfsim+1(tm) ≤ ν we have

ubfsim
(tm) = 0 = uoptim

(tm),

which contradicts with the definition of im and tm.
For case xbfsim

(tm) + ubfsim+1(tm) > ν, since ubfsim
(tm) >

uoptim
(tm), applying relation (10) to solution xopt gives:

xoptim+1(tm + 1) = xoptim
(tm) + uoptim+1(tm)− uoptim

(tm)

= xbfsim
(tm) + ubfsim+1(tm)− uoptim

(tm)

> xbfsim
(tm) + ubfsim+1(tm)− ubfsim

(tm)

> xbfsim
(tm) + ubfsim+1(tm)

−(xbfsim
(tm) + ubfsim+1(tm)− ν).

Thus, we obtain:

xoptim+1(tm + 1) > ν.

The optimal solution violates the capacity constraint at cell
im + 1 at t = tm + 1 which is the contradiction with the
feasibility of xopt.

In summary, the BFS delay control ubfs ≤ uopt, which
means the BFS solution is optimal.

D. Sequential Backward Flow Saturation

Now we consider M > 1. To solve a M -path problem, we
sequentially examine the paths 1, ...,M , construct the state
and delay control vectors and update sectors capacities. The
process is the following:

X0
p = argmin c′Xp,

Xp ∈ Z2T
∑M

i=1 Ni

AXp = f
MXp ≤ νp

where p ∈ {1, ...,M}, νp is the residual sector capacities after
constructing the paths 1, ...p − 1. Initially we have ν1 = ν.
The vector Xp corresponds to the unknown state and control
vectors of path p, so the other coordinates are set to zero.

Xp = [0, ..., 0, ..., xp, up︸ ︷︷ ︸
p−th path

, 0, ..., 0...]′.

If the path sequence did not effect the optimality of the final
solution, the SBFS would give the optimal solution. However,
the default sequence 1, ...,M or other arbitrary path sequences
can not provide optimal solution in general. The main reason is
because even if in the objective function (5) the different paths
have the same cost ci, they are generally subject to different
capacity constraints. In the following section a method based
on the Branch and Bound technique is developed to explore
the tree of the possible path sequences and find the optimal
sequence which will be combined with the SBFS to provide
the optimal and integral solution.



IV. FIND THE OPTIMAL PATH SEQUENCE

A. The Branch and Bound method

Branch and Bound (B&B) is an algorithm that is often
implemented for finding the optimal solutions in integer op-
timization problems [9]–[11]. In general, the B&B method is
used when the domain of possible candidates is too large.

The B&B method proceeds as follows: at any point during
the solution process, the status of the solution is described by
a pool of unexplored subset [12]. Initially only one subset
exists, namely the complete solution space, and the best
solution value is set to be +∞. The unexplored subspaces are
represented as nodes in a dynamically maintained search tree,
which initially only contains the root, and each iteration of a
classical B&B algorithm processes one such node. The root
node corresponds to the original problem to be solved, and
each other node corresponds to a subproblem of the original
problem.

More precisely, let us consider the following combinatorial
problem developed in [13]:

minf(x)
s.t. x ∈ X (11)

where X is finite and f : X −→ R. The set X can be
described as the leaves of a decision tree. Given a node Q
of the tree, the children of Q are subproblems derived from Q
through imposing a single new constraint for each subproblem.
For each node s in the decision tree we define the conditional
cost v:

v(s) = min f(s′)
s′ is a child node of s

Computing the conditional cost is as complicated as the
original problem (11). Particularly, when s is the root node
the conditional cost coincides with the original objective
function. Consequently, we simplify the optimization problem
by introducing a lower bound b(s) for the conditional cost at
node s:

b(s) ≤ v(s).

1) The algorithm: Starting from the root, the algorithm
explores the children in the decision tree. Let m be the minimal
cost found and initialize m with +∞. When an internal node
s is explored for the first time, the bound b(s) is calculated.
If b(s) ≥ m, we do not explore the child nodes of s as the
cost generated from s is not better than the cost of the best
feasible solution found. Hence, we go back to the parent node
of s and select another child node. If b(s) < m, it is possible
that a leaf node originated from s contains a feasible solution
improving m: in this case we continue the search by going to
an unexplored child node of s. In terms of tree traversal we
use a depth-first search. When a leaf node x is reached, the
cost f(x) is calculated: if f(x) < m, the best feasible solution
found is x, we thus update m as f(x). We continue the search
by going back to the parent node of the current leaf.

The algorithm visits every leaf at most once. The worst case
is when the bound b does not eliminate any eligible node: the

algorithm consists of the enumeration of all the feasible nodes
of (11).

2) The lower bound: The bounding function is the key
component of any B&B algorithm. Ideally the value of a
bounding function for a given subproblem should be equal to
the value of the best feasible solution of the problem, but since
obtaining this value is usually NP-hard, the goal is to approach
the solution using only a limited amount of computational
effort (i.e. in polynomial time). However, the more time spent
on calculating the bound, the better the bound value usually
is. It is normally considered beneficial to use as strong of a
bounding function as possible in order to keep the size of the
search tree small.

Normally there are two standard ways of converting the NP-
hard problem of solving a subproblem into a P problem of
determining a lower bound for the objective function. One of
them is to use relaxation which consists of leaving out some of
the constraints of the original problem and thereby enlarging
the set of the feasible solutions. The optimal solution of the
relaxed subproblem provides a smaller lower bound for the
original function because it is performed over a larger set of
values. The other way is to maintain the feasible region and
modify the objective function ensuring that for all feasible
solutions of the modified function have values less than or
equal to the original function.

In order to find the optimal path sequence for SBFS, we
develop our B&B algorithm with a lower bound computed
with a variant of the first method. The feasible region is
enlarged by stretching the capacity constraints for some paths
in 1, ...,M .

B. The optimal path sequence for SBFS
The B&B tree is a representation of all possible permuta-

tions of the path set {1, ...,M}. It contains M ! leaf nodes.
An internal node located at depth k (1 ≤ k ≤ M ) arranges
k paths from the set {1, ...,M}. Thus, at depth k we have
M(M − 1)...(M − (k − 1)) nodes, where each node is the
first k paths of a possible order p1, ..., pM and the node can
be represented by (p1, ..., pk).

Notice that the conditional cost at an internal node
(p1, ..., ps) is:

v(p1, ..., ps) =
∑s

i=1

∑Npi

k=0

∑T
t=0 x

pi

k (t)bfs

+min
∑

p∈S
∑

k,t x
p
k(t),

s.t. (1), (2), and (3)
Mx ≤ νs

where S = {1, ...,M}\{p1, ..., ps}. The paths p1, ..., ps are
constructed using the SBFS algorithm demonstrated in Section
III. The vector of residual capacities νs represents the new
sector capacity constraints imposed on the unbuilt paths. We
propose the following lower bound b:

b(p1, ..., ps) =

s∑
i=1

Npi∑
k=0

T∑
t=0

xpi

k (t)bfs +
∑
p∈S

Npi∑
k=0

T∑
t=0

xpk(t)
bfs.

For a single path p ∈ S, the solution [xp, up] is computed
using Backward Flow Saturation with the updated capacity



vector νs. As in Section III we write the corresponding
minimization problem:

min
∑

k,t x
p
k(t)

s.t. (1), (2), and (3)
M ∗ [0, ..., 0, ......., xp, up︸ ︷︷ ︸

path p

, 0, ..., 0......] ≤ νs

Theorem 2: For any internal node (p1, ..., ps), the Sequen-
tial Backward Flow Saturation gives the optimal solution.

Proof:
To prove the theorem, it is equal to prove the inequality:

min
∑

p∈S
∑

k,t x
p
k(t) ≥

∑
p∈S

∑Npi
k=0

∑T
t=0 x

p
k(t)

bfs

s.t. (1), (2), and (3),
Mx ≤ νs.

(12)
For p ∈ S, the state vector xpk(t)

bfs is the BFS solution
of the CTM(L) problem with only one path p, the vector of
capacities is set to νs. Hence, the BFS solution xpk(t)

bfs is
also the solution of the minimization problem:

min
∑

k,t x
p
k(t)

s.t. (1), (2), and (3)
M ∗ [0, ..., 0, ......., xp, up︸ ︷︷ ︸

path p

, 0, ..., 0......] ≤ νs

Thus xpk(t)
bfs is the solution of an optimization problem

with larger constraints than in the term left in (12). We get
the following result:

min
∑

p∈S
∑

k,t x
p
k(t) ≥

∑
p∈S min

∑
k,t x

p
k(t).

s.t. (1), (2), and (3) s.t. (1), (2), and (3)
Mx ≤ νs M ∗ [0, ..., 0, ..., xp, up︸ ︷︷ ︸

path p

, 0, ..., 0] ≤ νs

And finally the expression:

min
∑

p∈S
∑

k,t x
p
k(t) ≥

∑
p∈S

∑Npi
k=0

∑T
t=0 x

p
k(t)

bfs

s.t. (1), (2), and (3)
Mx ≤ νs

In summary, the Sequential Backward Flow Saturation gives
the optimal solution for any internal node in the B&B search
tree.

Since we can achieve the optimal solution for every internal
node, the B&B tree exploring can provide the optimal path
sequence for the SBFS and together they can find the optimal
solution for the problem.

C. A small size example

We apply the B&B algorithm with the lower bound devel-
oped previously to the model represented in Fig. 1. The total
planning time is T = 4. The capacity count is 1 for all sectors
and at any time t. We consider that the initial aircraft count
is set to zero for all cells.

The tree exploring is shown in Fig. 2. We start from node
(1). The branching step begins with choosing a child node of
(1), for example the node (1, 2). Since we have not obtained a
feasible point yet, m = +∞ and b(1, 2) < m is automatically
satisfied. Thus, we do not calculate b(1, 2). When the node
(1, 2, 3), which is a leaf node, is attained, we have a feasible

Fig. 1. Small scale model example.

Fig. 2. The decision tree corresponding to the model of Fig. 1.

point (1, 2, 3) and a cost m = 9. The parent node is revisited
and we explore another leaf node (1, 3, 2) which has a cost
of 9 equal to m. The tree traversal is carried on by visiting
node (2): the lower bound is b(2) = 9. Notice that b(2) = m,
thus we cut the sub-tree starting from (2). The next node is
(3) with a cost of b(3) = 8 < m. The first descendant of node
(3) is explored: (3, 1) leads to the leaf node (3, 1, 2) with the
cost m = 9. We go to the second descendant of (3): (3, 2)
and the last leaf node (3, 2, 1) which corresponds to the cost
10 > m. The tree exploring generates (1, 2, 3) as the optimal
path order and an optimal cost of m = 9.

V. CONCLUSION

In this paper, an integer programming problem based on
CTM(L) [6] is introduced. To guarantee the optimal and
integral solution, the Sequential Backward Flow Saturation
is developed path by path with a given path sequence. The
algorithm is performed to successively construct the traffic
flows and to determine the vectors of aircraft counts and delay
control volumes. Then it is noticed that the path sequence
is critical to search the optimal solution. The SBFS under
an arbitrary path order can not provide the optimal solution.
Therefore an algorithm based on the Branch and Bound
technique is developed in order to find the optimal path
sequence for the SBFS. Together, the integration of SBFS and
B&B guarantee the optimal solution. Moreover, the authors
provide a complete proof for the optimality of this integrated
Optimal Sequential Backward Flow Saturation paradigm.
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